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Abstract--The specification f an origin in a crystal can be accomplished byassigning values to an 
appropriate s t of phases. In order to accomplish t is, use is made of linear combinations of phases whose 
values are invariant with respect to arbitrary choices among the permitted origins. The space groups are 
divided into types with each type associated with particular linear combinations of seminvariant phases. 
Examples of the kind and number of phases that may be specified and suitable values for them are included 
in the tables. Conventionally centered cells are treated in terms of corresponding primitive unit cells. 
Specification fenantiomorph or axis-direction r both, when appropriate, is also discussed. 
1. INTRODUCTION 
Diffraction experiments with crystals take place without he recognition of an origin in the crystals 
or, indeed, any need or opportunity to do so. The data so obtained, diffraction intensities, are 
therefore quantities whose values are independent of the selection of an origin. The intensities are 
said to be invariant with respect to origin selection. There are other types of invariants with respect 
to origin selection, linear combinations of phases, whose values are obtainable from the diffraction 
data. The identification and characterization f such invariants is a feature of this article, since the 
invariants play a key role in the determination of the number and types of phases that are useful 
for origin specification i  the various space groups. It is important, of course, to select an origin 
if a structure is to be described in terms of atomic coordinates. 
In this article, the characteristics of phase invariants appropriate to the various space groups are 
tabulated, examples are given of the kinds of sets of phases that would be suitable for origin 
specification and the role of the phase invariants in selecting proper phase sets is discussed. 
Although phase specification for conventionally centered cells is described in terms of correspond- 
ing primitive cells, it is indicated that once proper specifications are made, it is possible to proceed 
with the phase determination with the use of reflections that are defined in terms of the 
conventionally centered cells. For most non-centrosymmetric space groups, it is necessary to specify 
an enantiomorph or axis direction or both. The manner for achieving this is also discussed. 
Another matter that arises is the initial specification of phases in such a manner that all 
reflections are defined unambiguously in terms of these phases during a phase determination. This 
may be accomplished by use of the concept of primitivity, which is described. As a practical matter, 
the insistence on the use of a primitive set initially for origin specification can restrict he choice 
of phases for this purpose and force the initial steps in a phase determining procedure to be less 
than optimal. This problem is avoided in the symbolic addition procedure for phase determination 
since, even when a non-primitive set of reflections i  chosen for origin specification, in the course 
of the procedure for phase determination, phases become defined in terms of symbols which on 
evaluation lead to unambiguous values for the phase set. 
This article is a revision of an article published in Vol. (IV) of International Tables for X-Ray 
Crystallography [1]. The alterations consist of some modification to two columns of Tables 6.1C 
and 6.1 D, one row of Table 6.1E and the omission of note (i) following Table 6.1E of the latter 
article. The occasion for the alterations was the discovery by Lessinger et al. [2] and Hovmbller 
[3] of errors in the tables which are corrected here. 
2. CENTROSYMMETRIC  SPACE GROUPS 
The use of phases to specify the origin in a crystal is facilitated by a characterization f the linear 
combinations of phases whose values are invariant with respect o arbitrary choices among the 
permitted origins. There may be more than one functional form for the structure factor for a given 
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space group, each of which restricts the choice of permissible origins. In such cases, the values of 
certain linear combinations of phases are invariant with respect o the choice of orion only after 
the functional form of the structure factor has been chosen. In deference to this dependence upon 
the functional form of the structure factor, the term seminvariant is introduced. Seminvariants are 
linear combinations of phases whose values, invariant with respect o the choice of permissible 
origin, are determined by the observed X-ray intensities, once a functional form for the structure 
factor has been chosen. Clearly, it is important in specifying an orion to employ phases which do 
not form a seminvariant. 
For the centrosymmetric space groups, the permissible origins are the eight centers of symmetry 
in the primitive unit cell. In space groups of higher symmetry, these eight centers are not all 
equivalent, since different centers may be situated ifferently with respect to the symmetry elements. 
Non-equivalent origins are associated with different functional forms for the structure factors. As 
a consequence, a choice of the functional form, when non-equivalent origins exist, limits the 
number of permitted origins. There may be one, two, four or eight classes of equivalent origins. 
Correspondingly, it is then necessary to assign the values of three, two, one or zero appropriate 
phases, respectively, in order to specify the origin. 
The information required for origin specification for the centrosymmetric space groups, by the 
assignment of values to appropriate phases, is listed in Tables 1A and B [4, 5]. Table 1B concerns 
space groups with conventionally centered cells for which the coordinates of the equivalent 
positions are obtained from those for the centered cells by means of the following matrices: 
C--* P, 
A "¢P, 
I - ,  P, 
F~ P, 
1 1 0 
1 - -1 01 
0 0 - 
--1 0 ! 
0 -1  
0 1 
0 1 1 
1 0 1 
1 1 0 
-1  1 1 
1 -1  1 
1 1 -1  
If any one of the four matrices is denoted by M, the coordinates for the primitive cell may be 
obtained from rp = Ml'c, where rp represents a column vector whose components are the coordinates 
of an equivalent point in a primitive cell and rc represents a column vector whose components are 
the coordinates of a corresponding equivalent point in a centered cell. The same matrix may be 
employed to obtain the Miller indices for the centered cell, ho corresponding to those for the 
primitive cell, hp, h c = Mhp. 
The seminvariant vector and seminvariant modulus characterize the nature of the subscripts 
associated with the linear combinations of phases forming the seminvariants. The components of 
the seminvariant vector for the centered cells may be obtained from those for the corresponding 
primitive cell by performing the required transformations utilizing the above matrices. The 
components of the vector indicate which linear combinations of subscripts need to be considered 
in each case and the corresponding moduli describe the mathematical relationship which must be 
fulfilled by the combinations of subscripts. This relationship states that the given combination of 
subscripts, hi, must be divisible by the modulus, o)~, or h~ = 0(mod ¢~t). Individual phases may be 
seminvariants and the characteristics of their subscripts are readily derivable from knowledge of 
the seminvariant vector and seminvariant modulus. Seminvariant phases are listed in Tables IA 
and B. 
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Examples of sets of phases for origin specifications are given 
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Type 1P 2P 3Pi 3P2 
Space groups P -I Prima 
P2/m Pcca 
P21/m Pbam 
P2/c  Pccn 
P21/c Pbcm 
Pmmm Pnnm 
Pnnn Pmmn 
Pccm Pbcn 
Pban Pbca 
Pnona Prima 
Pnna 
P4/m P4/nmm 
P42/m P4/ncc 
P4/n P42/mmc 
P42/n P42/mcm 
P4/mmm P42/nbc 
P 4 / mcc P 42/ nnm 
P 4 /nbm P 42/mbc 
P 4 /nnc P 42/mnm 
P 4 /mbm P 42 /nmc 
P 4 /mnc P 42/ncm 
p~ 
P31m 
P31c 
P3m 1 
P3c l  
P6/m 
P63/m 
P6/mmm 
P6/mcc 
P 63 /mcm 
P 63 /mmc 
R~ 
R3m 
R~c 
Pm 3 
Pn3 
Pa3 
Pm 3m 
Pn3n 
Pm 3n 
Pn 3m 
Vector h seminvariantly (h, k, l) (h + k, l) (l) (h + k + l) 
associated with 0h 
Seminvariant modulus (2, 2, 2) (2, 2) (2) (2) 
Seminvariant phases cbgss eP~s~ ~s~s ePss~ 
¢b,~s ¢bs.. 
For fixed form of structure 3 2 1 1 
factor, number of phases 
linearly semi-independent to 
be specified 
Examples of sets of phases chess ~bss. Oss~ 0.,,. 
whose values determine ~a.s 0.ss 
the origin. Each may be set 0~ 
equal to zero 
Table lB. Seminvariant vector, modulus and phases for the conventionally centered centrosymmetric space groups, 
referred to a primitive unit cell. Examples of sets of phases for origin specifications are given 
Type 2P 2Pt 3P2 3P3 4P 
Space groups C2/m 
C2/c 
Cmcm 
Cmca 
Cmmm 
Cccm 
Cmma 
Ccca 
]rfb'ntn 
lbam 
lbca 
lmma 
Fmmtn 
Fddd 
Fro3 
Fd3 
Fm 3m 
Fm 3c 
Fd 3 m 
Fd 3c 
14/m 
141/a 
14/mmm 
14/mcm 
141/amd 
141/acd 
lm3 
la3 
lm 3m 
la 3d 
Vectorh seminvariantly (h +k , l )  (h + k ,k  + I , l  + h) (h +k  + 1) (h +k)  (h ,k , l )  
associated with Oh, 
referred to primitive cell 
Seminvariant modulus (2, 2) (2, 2, 2) (2) (2) (I, I, I) 
;eminvariant phases ~gg~ ~gss ~bas8 ~sg any 
For fixed form of structure 2 2 1 1 0 
factor, number of phases 
linearly semi-independent 
to be specified 
Examples of sets of phases cbs~8 O,~s Oss~ 0s~g none 
whose values determine Om 0s• 
the origin. Each may be 
set equal to zero 
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If we consider, for example, type 3PI, the seminvariant vector components htare all the sums, 
11 +. . .  1,, which are divisible by 2. As may be seen in Table 1A, the subscript I is even for each 
of the seminvariant phases listed for type 3P l (g and u denote even and odd, respectively). 
Seminvariants may consist of the sum of more than one phase. Although any individual member 
of the four parity groups not listed for type 3PI can not be a seminvariant phase since I is odd 
for them, the sum of any two of them is evidently a seminvariant. If we denote this seminvariant 
by 0a,+~bb~, the condition which is being fulfilled is that II =-12 --l(mod2), so that 
11 + 12 =- 0(rood 2). 
In centrosymmetric crystals, origin specification is readily facilitated by the fact that the X-ray 
intensities determine the value of the seminvariants and that a seminvariant can be constructed 
from the sum of two properly chosen phases. Consider the case when q~b~ + Oh2 is a seminvariant, 
although neither phase alone is a seminvariant phase. Given the value of one of the phases, the 
value of the second is obtainable from the value of the seminvariant ascomputed from the X-ray 
intensities. In the example of type 3PI, the value of one phase which is not a seminvariant may 
evidently be specified. In principle all remaining phases are then determined by forming appropriate 
seminvariants based on this initial specification. 
Origin specification then consists of assigning the values of an independent set of phases o that 
the values of the remaining phases can be obtained from the values of the seminvariants determined 
from the X-ray intensities. In order to identify the independent set, it is only necessary to know 
what the seminvariant vector and seminvariant modulus are. They are given for centrosymmetric 
crystals in Tables 1A and B. Examples of sets of phases whose values determine the origin are 
shown in Tables 1A and B. In each case the value of zero may be assigned. It is apparent that 
there are a large number of alternative choices. The specific choice in a structure determination 
is guided by the criteria that the phases hould be associated with large normalized structure-factor 
magnitudes and that the reflections involved should combine often with others of large magnitude 
in a manner prescribed by the phase-determining relations. It may be seen in examining the parities 
of the subscripts associated with the examples of phases for origin specification that no single 
phases or pairs or triples of different ones, when appropriate, form seminvariants. 
The number of independent phases to be specified is listed in Tables I-D for each of the types 
of space groups and they are referred to as "linearly semi-independent" phases. A precise definition 
of this term may be given in terms of the vector subscripts of the phases [6]. A set of n vectors 
hi, j = 1, 2 , . . . ,  n is said to be linearly dependent modulo to if there exists a set of n integers at, 
j = 1, 2 . . . . .  n, at least one of which is incongruent to zero modulo toi for every i ( i  = 1, 2 . . . . .  p ,  
where p is the dimensionality of the vectors) such that 
ajhj - 0(moO to). 
j= l  
Otherwise the set hj is said to be linearly independent modulo to. A set of phases ~ is said to be 
semi-dependent or semi-independent according as the set of seminvariantly associated vectors is 
linearly dependent or independent modulo tos, where to, is the seminvariant modulus of the type. 
If the components oi are all zero, these definitions are the same as those for ordinary linear 
dependence or semi-dependence. In the case of centrosymmetric crystals, the o~ are always equal 
to 2. It may be seen from Tables 1C and D that other integer values for the oJ t are required for 
some of the types of non-centrosymmetric space groups. 
3. NON-CENTROSYMMETRIC SPACE GROUPS 
The specification ofthe origin in non-centrosymmetric space groups proceeds in a similar fashion 
to that for centrosymmetric space groups. However, it is necessary to introduce some additional 
concepts in order to define the procedure adequately. 
In addition to assuming that a sufficient number of X-ray intensities have been measured in order 
to determine the magnitudes of the seminvariants, it is also assumed that the sign of one such 
magnitude has been specified. Evidently the magnitude chosen should differ in value from 0 and 
it and, for practical purposes, differ significantly from 0 and It. The arbitrary assignment of the 
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Table 1C. Seminvariant vector, modulus and phases for the conventionally primitive non-centrosymmetric space 
groups. Possible values for the independent phases are given, where [I 2 [I means two possible values differing by n, 
II 3 II means three possible values differing by 27r/3, II 4 H means four possible values differing by 7t/2, and II oo [[ means 
arbitrary values in the range - it < ~ ~< it 
Type 1P000 1P202 1P020 1P222 IP220 
Space Groups P 1 P2 
P2, 
em 
Pc 
P222 
P2221 
P21212 
P212121 
Pmm2 
Pmc 2 ~ 
Pcc 2 
Pma 2 
Pea21 
Pnc 2 
Pmn 2 , 
Pba 2 
Pna 2 t 
Pnn 2 
Vector h seminvariantly associated (h, k, 1) 
with ¢'h 
Seminvariant modulus (0, 0, 0) (2, 0, 2) (0, 2, 0) (2, 2, 2) (2, 2, 0) 
Seminvariant phases ~o0o Ogog 0o~o ~gg ~go 
II~ll, II**ll, 
except 
11211 
ifh =l  =0 
Permitted values for independent phases 11211 II~ll, 
except 
[1211 
ifk =0 
II~tl, 
except 
112il 
i f /  = 0 
For fixed form of structure factor, 3 
number of phases linearly semi- 
independent tobe specified 
Type 3P30 3P6" 3P22 
~pace groups 
Vector h semin- 
variantly associated 
with ~b h
Seminvariant modulus 
Seminvariant phases 
Permitted values for 
independent phases 
For fixed form of 
structure factor, 
number of phases 
linearly semi- 
independent to be 
specified 
2P20 2P22 
P4 P4" 
P4 t P422 
P42 P4212 
P43 P4122 
P4mm P41212 
P 4bm P4222 
P42cm P422t2 
P 42nm P4322 
P4cc P432t2 
P 4nc P 4 2m 
P 42mc P 4 2c 
P 42bc P "4 21m 
P'4 21c 
P'4 m2 
P'4c2 
P4b2 
P4n2 
(h +k , l )  
(2, O) (2, 2) 
¢'gg0 ~sgg 
ckuuo ~uug 
P3 
P3~ 
P32 
P3m 1 
P3c I 
(h -k , I )  
P312 
P3112 
P3212 
p~ 
P'6m2 
P6c2 
(2h + 4k + 31) 
(3, 0) (6) 
Ohko, t~at, 
h -k  w0 (2h +4k + 
(mod 3) 31) m 0 
(mod 6) 
II~lJ, U211 licit, 
except except 
[1211 11311 
ifl = O if/ = 0 
fl611 
except 
11211 if 
h + 2k = 3n, 
11311 if 
I = 2n 
3Pt0 
P31m 
P31c 
P6 
P6~ 
P65 
P64 
P63 
P6mm 
P6cc 
P63cm 
P 63mc 
(o) 
~hk 0 
II~ll 
3P~2 
P321 
P3t21 
P3221 
P622 
P6122 
P6522 
P6222 
P6422 
P6322 
P62m 
P62c 
(t) 
(2) 
6hkg 
11211 
3P20 
R3 
R3m 
R3c 
II~lr 
R32 
P23 
P213 
P432 
P4232 
P4332 
P4132 
P'4 3m 
P'4 3n 
(h +k +1) 
(o) (2) 
~gsg 
¢k ugu 
Ouus 
11211 
*See Reference [3]. 
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Table 1D. Scminvariant vector, modulus and phases for the conventionally centered non-centrosymmetric space 
groups, referred to a primitive unit cell. Possible values for the independent phases are given, where the symbols 
are defined in Table IC 
Type 2P002 
~pace groups C2 
Vector h seminvariantly (h - k, I) 
associated with ~h, 
primitive cell 
Seminvariant modulus (0, 2) 
~eminvariant phases ~b~g 
Permitted values for 
independent phases 
For fixed form of structure 
factor, number of phases 
linearly semi-independent 
to be specified 
II 0" U, 
except 
11211 
if 
h -k  =0 
2P00 2P20 2P22 
Cm Cmm2 C222 
Cc Cmc 21 C2221 
Ccc 2 
(0, 0) 
I1**11 
(h +k , l )  
(2, 0) 
~ggO, 
~uu 0 
II ~ II, 
except 
11211 
if 
/=0  
(2, 2) 
~ggg )
dPuue 
11211 
2P120 
Atom2 
Abm 2 
Ama 2 
Aba 2 
(h, k + l) 
2PI022 2P1222 
lmm2 •222 
Iba2 1212121 
Ima2 
(h +k ,k  + l , l  +h)  
(2, 0) (0, 2, 2) (2, 2, 2) 
~gff ~fft, Ore, 
h + I ~ 0 ~,,u,, 
(mod 2) 
II°*ll, II0"11, 11211 
except 
11211 
if 
h +k  =0 
except 
11211 
if 
k+l=O 
Type 
Space groups 
Vector h semin- 
variantly associated 
with eh, referred to 
primitive cell 
Seminvariant modulus 
Seminvariant phases 
Permitted values for 
independem phases 
For fixed form of 
structure factor, 
number of phases 
lincafly semi- 
independent to be 
specified 
3P22 
F432 
F4132 
(2) 
f~ggg , 
~uug ,
CPugu , 
11211 
3P24 
F222 
F23 
F'4 3m 
F'43c 
(h +k  + l )  
(4) 
(~Ml, 
h +k +1 m0 
(mod 4) 
11211, 
if 
h +k  + l  ~0 
(mod 2), 
and 
L1411, 
if 
h+k+l~l  
(mod 2) 
3P30 3P327 
14 •422 
141 14122 
14mm 1"4 2m 
14cm f42d 
14trod 
14tcd 
(h +k)  
(0) (2) 
~b~ut 
I1=11 tl21t 
3P~4 3P40 4P 111 
f f  
1"4 m2 
1"4 c 2 
(h - k + 2/) 
From2 
Fdd2 
(h + k -1 )  
123 
1213 
•432 
14132 
14 3m 
14 3d 
(h, k, l) 
(4) (0) (i, l, l) 
~bhk~, ~h .k .h +~ any 
h - k + 21 mR 0 ~hkt 
(mod 4) 
II o* II 11211, 
if 
h -k  +2/  ~0 
(mod 2), 
and 
11411, 
if 
h -k  +21 ~ l 
(rood 2) 
every 
phase is 
a semin- 
variant 
tSee Reference [2 ] .  
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sign to the magnitude of a seminvariant distinguishes the two enantiomorphous structures when 
they are distinct, or the permissible reference frames when they are distinct, or both. For the 
four enantiomorphous pairs of space groups (P4t22, P4322), (P4,2~2, P43212), (P3,, P32) and 
(P3j 12, P3212), the values of the seminvariants are determined, so that no specification of sign may 
be made. The signs of all the seminvariants are also uniquely determined for space group P(I4~ 22), 
i.e. space group I4~ 22 expressed in terms of a primitive unit cell. Values of the phases are considered 
to be in the interval -7r < @ ~< ~r. 
As in the case of centrosymmetric crystals, origin specification for non-centrosymmetric crystals 
results in the possibility of obtaining the values for all the phases from the values of the 
seminvariants. In order to attain this, it is necessary to put certain restrictions on the values of 
the subscripts of the independent phases whose values are specified. These restrictions have been 
described in terms of the concept of primitivity which requires that certain functions of the 
subscripts, depending upon the particular space group, be equal to + 1. The permitted values for 
the independent phases are listed in Tables 1C and D [6, 7]. Table 1D concerns space groups with 
conventionally centered cells, but is based on corresponding primitive cells obtained by use of the 
matrices given above for centered centrosymmetric crystals. When the values of the independent 
phases must differ by 7r/2 or lr, it is usually possible to choose indices for which the phases may 
have the convenient values of 0 or n/2. The appropriate indices can be determined by reference 
to Vol. A of International Tables for Crystallography [8] and Ref. [7]. The relation h,-- 0(rood 0) 
implies that h~ = 0. 
Table 1 E. Examples of sets of phases and values for origin specification and their associated primitivity conditions 
for the various types of non-centrosymmetric space groups. In particular applications, alternative sets of phases and 
values may be more suitable 
Type Examples of Sets of Phases and Their Accompanying Primitivity 
Values for Origin Specification Conditions 
IP000 a 
IP202 a 
lP020 a 
1P22T 
IP220 ~ 
~2hzk212 = 0 
dph32k/3 = 0 
h~ mk~ ml i= l (mod2)  
$/t 02l, = 0 
dph~% = 0 
~2hjk3213 = 0 
hi m kl m Ii m 1 (mod 2) 
¢~5ok0 ---- 0 
Sh2k2212 = 0 
~ht l  3 = 0 
hi m kl ts li m 1 (rood2) 
bo~. = o 
¢.oe = O(or *r/2) a 
~bh~ 0 ~- 0 
ehk?  = 0 
¢#~jztjl 3 ~- 0 
h~ m k~ ml i  m 1 (rood2) 
g.c.d, b Ofhh kh It is unity, 
g.c.d, of 
I 2h2 k2' 12h2 12 I' 
hi kl It I 
2h2 k212 = ±1 
h32k313 
k3 = ±1 
g.c.d, of h2 and 12 is unity, 
h22/2  
2h313 = ± 1 
/3 = 4-1 
is unity, 
2P 00~ ¢~t / ,  = 0 g.c.d., of  hr. k~, l~ is unity, 
 hm, = 0 II h I + k t l/21 
hi m ki m l~ m 1 (rood2) h2 +2k2 = ±1 
2P20 @s~o = 0 1 = ± 1 
~hkt = 0 
--continued 
Table IE---continued 
Type Examples of Sets of Phases and Their Accompanying Pfimitivity 
Values for Origin Specification Conditions 
2P22 ~o~, = 0 (or lr/4 f or ~r/2) e
~0 = 0 (or lr/2) e 
h + k ~ 1 (mnd2) 
2P002 ~hhu =0 hi -- k = ± l  
~bh,kt = 0 
2Pi20 ~,,hg = 0 k + l = ±1 
~hkt = 0 
2Pi022 ebhgt = 0 ht + k = 4.1 
h ~ l (rood 2) 
q~hkl = 0 
2Pi222 ~hgt = 0 (or r/2)g 
1 ¢ h (mod 2) 
tb~kl, = 0 (or ¢/2) g 
k ~ l l (mod2)  
3P30 ~hk0 = S h l = ± 1 
h ~ k (mod 3) 
~ht l  = 0 
3P6 ePhku = 0 
h - k ¢0(mod3)  
3Pt0 ~bhkt = 0 l = ±1 
2Pt2 ~bhki = 0 j 
1 ~- 1 (mod 2) 
3P20 ~h~l = 0 h +k  + l = 4.1 
3P22 ~bhkt = 0 (or 7r/2)J 
h + k + l =-- l (mod2)  
3P2 4 0~o = 0 k 
h ~ 0 (mod 2) 
3P30 ~bhkt = 0 h + k = 4.1 
3P32 ehff = 0 
for P (/422) 
or 
~bhff = ~r/4 
for P (14122) 
h ¢ k (rood 2) 
3P34 ~b~ = 0 ~ 
h ~ l (mod 2) 
3P40 ~hkt =0 h + k - 1 = "4-1 
4P 111 None 
(a) Note that the various indices h, k and I are all odd numbers in these particular examples. Some of the indices 
must always be odd, e.g. k~ in IP020. 
(b) g.c.d, means "greatest common divisor". 
(c) Alternative choices for parity groups may require the value n/2 for some of the space groups. Refer to Vol. A 
of International Tables for Crystallography [8]. 
(d) The value n/2 applies to space group P2~2~2. 
(e) The choice of value for the phase depends on the space group. Other choices of indices can be associated with 
phases having these special values. Refer to Vol. A [8] and Ref. [7]. 
(f) The value n/4 applies to space groups P4t212 and P43212. 
(g) 0 for •222 and n/2 for 1212t2 L. 
(h) The symbol s represents one of three possible values. The ambiguity is ultimately resolved in the symbolic 
addition procedure by a choice of  a value for s among the three correct ones for the structure under investigation. 
(j) The appropriate indices for the various space groups can be determined by reference to Vol. A [8] and 
Ref. [7]. The choice of value for 3/'22 depends on the space group. 
(k) A twofold ambiguity in specification of  origin remains. It is resolved in the symbolic addition procedure 
by a choice between two possible values for a symbol defining another phase whose subscripts obey 
h +k  +1 = l(mod 2) for 3P24and h -k  +21 ffi= l(mod 2) for 3P34. These types of phases eould be used ab initio 
to specify the origin, in which case the symbol could have four possible values differing by n/2. 
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Examples of sets of phases and values for specifying the origin and accompanying primitivity 
conditions are shown in Table I E. Many alternative choices are available. The specific choice is 
guided by special considerations such as the values of the normalized structure-factor magnitudes 
and the implementation of the phase-determining relations. It may be seen from examining the 
examples of Table I E that the specifications avoid the formation of seminvariants. 
4. APPLICATION 
There is a distinction between the formalisms presented in the previous two sections and the 
actual practice in applying the symbolic addition procedure. In the foregoing discussion it was 
assumed that the values of the seminvariants or, in the case of most non-centrosymmetric c ystals, 
their magnitudes have been accurately calculated from the measured X-ray intensities. In applying 
the main formulas of the symbolic addition procedure, in contrast, it is assumed, consistent with 
the indications from the probability formulas, that the values of seminvariants of the type 
~b~ - ~k - q~-k associated with the larger normalized structure-factor magnitudes, [E l, are close 
to zero. This assumption has no effect on the specification of the origin for either centrosymmetric 
or non-centrosymmetric space groups. However, the use of symbols in the symbolic-addition 
procedure affords a small advantage in specifying the origin for non-centrosymmetric c ystals. This 
arises from the fact that the primitivity concept, involving the restriction that certain functions of 
the subscripts be equal to ___ 1, can be relaxed in choosing phases to specify the origin. Any small 
convenient odd number can be substituted for the primitivity condition. If it differs from + 1, the 
origin specifications will be somewhat ambiguous. However the ambiguity is resolved as the phase 
determination proceeds. The primitivity concept in the seminvariant theory assures that all phase 
values will be determinate from the initial specifications and the known magnitudes of the 
seminvariants. In the symbolic addition procedure, any phases associated with the larger IE I values 
which are not determinable from the initial specifications can be made so by the assignment of 
additional unknown symbols in the course of the determination. 
It is a fairly simple matter to specify the enantiomorph and/or reference frame. Once an origin 
has been specified, the enantiomorph and/or reference frame may be specified by assigning the sign 
of the imaginary part of a phase whose magnitude differs from 0 and n. In practice it is desirable 
that the magnitude be near n/2. In some space groups, such as P21, it is initially not possible to 
employ the appropriate phase assignments of zero for origin specification and the assumption that 
tkh - q~k - ~b,_k = 0 to determine directly a phase whose magnitude is near re/2, since this would 
require a seminvariant with a value near + n/2, contradicting the assumption. However, inherent 
in the symbolic addition procedure is the means for recognizing and taking into account hose 
exceptional seminvariants which have values significantly different from zero. One such possible 
manifestation is the necessity to assign an unknown symbol in order to proceed with the phase 
determination with sufficiently high probability measures. Another manifestation is the occurrence 
of conflicting indications for the value of a phase which would necessitate he assignment of an 
unknown symbol to the indeterminate phase in order to include it in the further development of 
the phase determination. In space group P2j, for example, conflicting indications for the value of 
a phase, sometimes 0 and sometimes n, may imply that the phase has a magnitude somewhere 
between the two. 
In the investigation of the structure of panamine [9], which crystallizes in space group P21, only 
one symbol remained to be assigned in the phase determination. The phase represented by this 
symbol had to have a magnitude that differed significantly from 0 or n in order for the phase 
determination to lead to a non-centrosymmetric structure. Its sign fixed the enantiomorph. An 
example of an investigation i which the ¢nantiomorphs were not distinct, but the reference frames 
were, is the structure investigation of a photolysis product of a mescaline derivative [10] which 
crystallizes in space group Aba2. Among the symbols were two, either or both of which had to 
differ significantly from 0 or n, in order for the phase determination to lead to phase values which 
differed from 0 or n. The specification of the reference frame was accomplished by assigning the 
sign of one of the two symbols. This is quite comparable to the manner of specification of the 
enantiomorph in space group P21, as just described. 
406 J. KARLE 
It is possible to carry out the phase determination i the conventionally centered space groups 
with data indexed on the centered unit cell. It is merely necessary to determine the appropriate 
phases for origin specification in the primitive cell and transform the indices by means of the 
matrices described above to those for the corresponding centered cell. Possible values for such 
phases may be obtained by reference to Vol. A of International Tables for Crystallography [8]. For 
example, in space group Aba2, belonging to type 2Pi 20, the origin can be specified in the primitive 
cell by assigning two phases whose subscripts could be uh~ and gkl, where k + l = + 1 if we satisfy 
the primitivity condition or, at least, equal to an odd number. Application of the appropriate 
transformation matrix shows that these subscripts transform to ~, 2~, 0 and ~, [ + 1, k + 1, 
respectively, for the centered cell. With primitivity, we then have reflections of the general type ugO 
and gu 1. Type ugO can have values only of 0 or ~ while type guu can be associated with arbitrary 
phase values. Thus, the assignment of the value zero to the two phases, types ugO and gu 1, can 
uniquely specify the origin of the centered cell for space group Aba2 and the phase determination 
can then proceed with respect o the centered cell. 
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